We investigate the structure of groups satisfying a positi¨e law, that is, an identity of the form u '¨, where u and¨are positive words. The main question here is whether all such groups are nilpotent-by-finite exponent. We answer this question affirmatively for a large class C C of groups including soluble and residually finite groups, showing that moreover the nilpotency class and the finite exponent in question are bounded solely in terms of the length of the positive law. It follows, in particular, that if a variety of groups is locally nilpotent-by-finite, then it must in fact be contained in the product of a nilpotent variety by a locally finite variety of finite exponent. We deduce various other corollaries, for instance, that a torsionfree, residually finite, n-Engel group is nilpotent of class bounded in terms of n. We also consider incidentally a question of Bergman as to whether a positive law holding in a generating subsemigroup of a group must in fact be a law in the whole group, showing that it has an affirmative answer for soluble groups. ᮊ 1997 Academic Press 510
INTRODUCTION

Ä
4 Let F denote the free group on X s x , x , . . . . A positi¨e word in the 1 2 x is a nontrivial element of F not involving the inverses of the x , that is, Ž . positi¨e or semigroup law of a group G is a nontrivial identity of the form u '¨where u,¨are positive words in F, holding under every substitution X ª G. The degree of such a law is the length of the longer of u,¨.
In this paper we investigate a structure of groups satisfying a positive w x Ž w x. law. By a result of Mal'cev 13 see also 15, 21 a group which is an extension of a nilpotent group by a group of finite exponent satisfies a positive law. The main question of interest to us is whether the converse is true.
QUESTION 1. If a group satisfies a positi¨e law, must it be nilpotent-by-finite exponent?
w x Ol'shanskiı and Storozhev 17 have shown that in this generality thě question has a negative answer. They give an example of a 2-generator group satisfying a positive law which is nonetheless not nilpotent-by-finite.
Ž . In contrast with this negative result, our main result Theorem B answers the question affirmatively for a large class C C of groups including soluble and residually finite groups. This may be considered as a further illustration of the dichotomy, indicated, in particular, by the difference in methodologies and results associated with, on the one hand, the positive solution of the restricted Burnside problem and, on the other hand, the negative solution of the general Burnside problem, between groups built up in standard ways from soluble and locally finite groups and those not so constituted.
For each positive integer e we denote by ᑜ the restricted Burnside e variety of exponent e, that is, the variety generated by all finite groups of exponent e. We define an SB-group to be one lying in some product Ž of finitely many varieties each of which is either soluble or a ᑜ for varye . ing e .
Ž . Ž . THEOREM A. There exist functions c n and e n of n only, such that any SB-group G satisfying a positi¨e law of degree n is an extension of a nilpotent
Ž . Ž . group of class F c n by a locally finite group of exponent di¨iding e n , that is,
eŽn.
where ᑨ denotes the¨ariety of all nilpotent groups of class F c. For a closely related though possibly smaller class of groups than that of w Ž .x SB-groups a similar conclusion can be inferred from 6, Theorem C ii Ž . Ž . except for the exclusive dependence of c n and e n on n. Compare also w x the result of Lewin and Lewin 11 that a finitely generated soluble group satisfying a positive law is nilpotent-by-finite.
Ž . Ž . The dependence in Theorem A of the parameters c n and e n uniquely on n has the consequence that if in a group G each finitely Ž generated subgroup is an SB-group and satisfies a positive law possibly . depending on the subgroup of degree F n, then G g ᑨ ᑜ . SimicŽ n. eŽ n.
larly, if G is a subcartesian product of SB-groups each of which satisfies a positive law of degree F n, then again G g ᑨ ᑜ . Let C C denote the cŽ n. eŽ n.
class of groups obtained from the class of all SB-groups by repeated applications of the operations L and R, where for any group-theoretic Ž w x. class X X of groups see 19 , LX X denotes the class of all groups locally in X X and RX X the class of groups residually in X X. In particular, residually finite and residually soluble groups are in C C. We thus have the following extension of Theorem A: THEOREM B. If a group G belongs to the class C C and satisfies a positi¨e law of degree n, then
cŽn.
w x For residually finite G this strengthens Theorem A of Shalev 21 , which asserts in effect that a residually finite group satisfying a positive law is an extension of a ''strongly locally nilpotent group'' by a group of finite exponent. A strongly locally nilpotent group is one which generates a locally nilpotent variety; it follows readily from our Theorem A that in fact such a group belongs to ᑨ ᑜ for some c and e: Gromov 5 , Milnor 14 , and Wolf 24 , a finitely generated group has polynomial growth if and only if it is nilpotent-byfinite. Thus, in view of Theorem B, for finitely generated groups in the class C C, having polynomial growth is equivalent to satisfying a positive law.
That this equivalence does not always hold for groups outside C C is shown w x by the result of Adian 1 according to which the relatively free groups of odd exponent G 665 and of finite rank ) 1 have exponential growth. This may be considered as furnishing yet another illustration of the aforementioned dichotomy.
Part of the proof of Theorem A requires only the weaker assumption that some generating subsemigroup of G satisfies a positive law. Hence we Ž obtain an affirmative answer for the class of soluble groups see Theorem . w x D to the following well-known question of Bergman . the positi¨e law .
We conjecture that this result holds more generally for SB-groups, and hence for groups in the class C C. It is not difficult to show that to achieve this extension of Theorem D it suffices to establish it in the case that G is an extension of a locally finite group of finite exponent by a nilpotent Ž . group. Taken together with the unpublished counterexamples of Ivanov and Rips, such a result would provide a further illustration of the dichotomy mentioned previously. w x Our proofs of Theorems A and D rely heavily on Shalev's results in 21 concerning finite groups satisfying a positive law, on various results of w x Zelmanov 25᎐29 on the restricted Burnside problem and Engel Lie rings, w x and on results of Lubotzky and Mann 12 on ''powerful p-groups.'' We relegate those proofs to Sections 2 and 3. In the concluding Section 4 we deduce Theorem C and the following further consequences of these theorems:
Ž . COROLLARY 1. There exist functions c n and e n depending only on n,ŝ uch that any residually finite n-Engel group without elements of order di¨iding Ž .
Ž . e n is nilpotent of class F c n . In particular, a torsion-free, residually finite,ˆŽ . n-Engel group is nilpotent of class F c n .
w X x This result generalizes the result of Zelmanov 26 , Problem 1 that a torsion-free nilpotent n-Engel group has its nilpotency class bounded in terms of n alone. It may also be regarded as an analogue for residually w x finite groups of Gruenberg's result on soluble n-Engel groups 7 . w x In 10 Shirshov asked if a group satisfying the nth Engel condition can be defined by positive laws. The preceding corollary affords an affirmative answer for residually finite such groups. We do not know if the conclusion of this result continues to hold under the weaker assumption that some generating subsemigroup of the group satisfies a positive law. A result in this direction would be useful for extending Theorem D to SB-groups.
Ž . Our notation is as follows. Let G be a group. We denote by Z G the center of the group, by G n the subgroup generated by all nth powers, by Ž .
Žn.
␥ G the nth term of the lower central series, and by G the nth term of n the derived series. For x, y, x , . . . , x g G we write 
PROOFS OF THEOREMS A AND D IN THE FINITE AND SOLUBLE CASES
We first establish the finite case of Theorem A. Ž .
‫ޚ‬
Ž . The desired conclusion now follows from the fact that any countable Lie ring satisfying the r th Engel condition is a homomorphic image of L rI.
Returning to the proof of Theorem 1, we recall that the problem has been reduced to the case where G is a powerful, finite, c -Engel p-group, Ž . where e and c are as in 1 . Since G is powerful it follows by repeated 2 2 w x applications of 12, Props. 1.6 and 4.1.6 that 
Ž .
By absorbing e into the exponent we may now take G e 3 in place of G; we 3 may thus, without loss of generality, make our final
Additional assumption 3. G, G F G . that is, Ž . in the group G, 3 yields
Ž . Consider the associated Lie ring L s L G determined by the lower central series of G:
Ž . Ž . Invoking 2 and Assumption 3, we infer from this that e p e 3 3 p e 3 w x
Since G is a finite p-group we must therefore have
Ž .
Ž . 
c c c 3 3 3 completing the proof.
Proof of Theorem D, and Theorem
an extension of a soluble group of derived length F l, by a locally finite group of exponent dividing m, and S be a subsemigroup satisfying a positive law u '¨of degree n, and generating G. We shall show that for any subgroup H of G generated by a finite subset A : S, we have
cŽn. eŽn.
Ž .
Ž . where c n and e n are as in Theorem 1. Since S generates G, it will then follow that, in fact, G g ᑨ ᑜ , establishing Theorem A for G. Fur-
eŽ n.
Ž . thermore, since any subgroup H as before is finitely generated and nilpotent-by-finite, it is residually finite. Since Bergman's question has an obvious affirmative answer for finite, and hence for residually finite, groups, it follows that for each subgroup H generated by a finite subset of S, Bergman's question has an affirmative answer. However, this must then be the case also for G since if the law u '¨failed to hold in G, it would fail to hold in some such subgroup H. Hence Theorem D will also follow once we have established that H g ᑨ ᑜ .
cŽn. eŽn.
With H as given previously, note first that by a well-known result of Ž w x. Hall see 19 the quotient
is residually finite for all k. Hence there is a chain Ž . in that theorem. Since H is a subcartesian product of the H , it then i follows that H g ᑨ ᑜ , or, equivalently,
for all k. We now construct inductively a subnormal chain We define S to be the subsemigroup of S generated by the 2 s elements 1 0
x y ry1 , y r for i s 1, . . . , s. Since S : S , S also satisfies the given law
for all k. Note also that since N s H m e F H m , the group N is soluble of 1 1 derived length F l. We now consider
in place of H, and arguing as before deduce that
We then set N s N e , and use the fact that N is finitely denoting by S the subsemigroup generated by that finite subset. Continu-2 Ž . Ž . ing inductively, we construct the chains 5 and 6 with the property that, for all i G 0,
Thus H is a finite extension of a group of class c, namely N . Hence H lq1 is certainly residually finite, and therefore, as noted at the beginning of the proof, Bergman's question has an affirmative answer for H; that is, the law Ž u '¨holds in H. Hence by Theorem 1 which extends immediately to . residually finite groups we have H g ᑨ ᑜ as claimed.
cŽ n. eŽ n.
PROOF OF THE PROPOSITION AND COMPLETION OF THE PROOF OF THEOREM A
Proof of the proposition. Let G be any group satisfying a positive law. We wish to show that if H is any finitely generated subgroup of G then X Ž H is also finitely generated. It will be clear from the proof that, in fact, the minimal number of generators of H X is bounded above in terms of the . number of generators of H and the degree of the positive law.
² :
²a:
We first show that for any two elements a, b of G, the subgroup b generated by all conjugates a i ba yi s b is finitely generated. It is easy to i see that G satisfies some 2-variable positive law, which moreover may be Ž assumed to be homogeneous. If the law is not homogeneous, then it implies one of the form x n ' 1, which implies in turn the homogeneous Ž . n Ž . n . law xy ' yx . Thus we may suppose our positive law to have the form 
Ž . Ž .
Rewriting both sides as products of conjugates of b and canceling residual powers of a, we obtain
Ž . show that K g ᑨ ᑜ . We prove this by induction on c .
cŽ n. eŽ n. 1
If c s 0 we have nothing to prove. Consider the case c ) 0. It is 1 1 enough to prove that every finitely generated subgroup of K lies in ᑨ ᑜ ; hence without loss of generality we may assume that K is cŽ n. eŽ n.
finitely generated. By Proposition 1 the commutator subgroup K X is finitely generated. The finitely generated subgroup K X g ᑜ ᑨ , and e c y1 therefore, by the inductive assumption,
X finitely generated, K has finite index in K . The group K acts on the X Ž X . eŽ n. finite quotient K r K by conjugation. Let C be the centralizer of this w x Ž X . e Ž n . action. The group C has a finite index in K and C, C, C F K which is nilpotent. Hence C is a soluble subgroup of finite index in K, and by the first case of Theorem A, already proven, we have K g ᑨ ᑜ .
DEDUCTION OF THEOREM C AND THE COROLLARIES
Proof of Theorem C. Sufficiency is clear. For the necessity let ᑰ be, as in the statement of the theorem, a locally nilpotent-by-finite variety of groups. We wish to show that ᑰ : ᑨ ᑜ for some c, e. c e
The relatively free group of ᑰ of rank 2 is by assumption nilpotent-byw x finite, and therefore, according to Mal'cev 13 , satisfies some positive law and hence some positive 2-variable law, of degree n say, which will then hold in every group in ᑰ. Since the finitely generated groups of ᑰ are nilpotent-by-finite, they are certainly SB-groups, and so by Theorem A lie in ᑨ ᑜ . Hence by Theorem B every group of ᑰ lies in ᑨ ᑜ . 
Ž . Ž . Ž . Ž . Proof of Corollary 2. Let G be a residually finite n-Engel group. As in the proof of Corollary 1, it follows that G is an extension of a nilpotent group by a group of finite exponent. Hence G satisfies a positive law, u '¨say. A well-known argument shows that every law w ' 1 in G is a consequence of the particular law u '¨and some other positive law u '¨holding in G, whence the result.
